For a noetherian ring R we call an R-module M cofinite if there exists an ideal I of R such that M is I-cofinite; we show that every cofinite module M satisfies dimR(M ) ≤ injdim R (M ). As an application we study the question which local cohomology modules
Introduction
Let I be an ideal of a noetherian ring R. By definition, an R-module M is I-cofinite if Supp R (M ) ⊆ V(I) and if all Ext i R (R/I, M ) are finitely generated. Note that, for local (R, m), m-cofiniteness is the same as artinianness. The concept of I-cofiniteness was introduced by Hartshorne ([4] ); see [1, 5, 7, 11, 12] for more material on cofiniteness.
Let M be a module over a ring R. An injective resolution of M is an exact sequence
where all E i are injective R-modules. By definition, injdim R (M ) ≤ n, if there is an injective resolution of M such that 0 = E n+1 = E n+2 = . . . . Every finitely generated M over a noetherian ring R satisfies dim R (M ) (1) ≤ injdim R (M ); if R is local and injdim R (M ) < ∞ holds, one has injdim R (M ) (2) = depth(R). Both (1) and (2) are known as Bass formula. In this work (theorem 2.3) we generalize (1) to the class of all R-modules which are I-cofinite for at least one ideal I of R (we call these modules cofinite modules), where R is a noetherian ring. We show (remark 2.2) that (2) does not generalize to the class of all cofinite modules and explain why this generalization fails.
In the sequel we prove some consequences of theorem 2.3 for local cohomology modules; in particular we are dealing with the following (Here I is an ideal of a noetherian ring R and H i I (R) is the i-th local cohomology of R supported in I.) There is a positive answer in the following two situations (see Corollary 2.6 and remark 2.7):
• R is a noetherian local regular ring containing a field and H i I (R) is Icofinite.
• R is a noetherian local Gorenstein ring R and H n I (R) = 0 for every n = i. Finally we prove that the answer to the above question is negative in general. More precisely, we present two counter-examples which are different in nature (example 2.9 and the last example from 2.11). In 2.12 we summarize answers to the above question.
By E R (M ) we denote a fixed R-injective hull of an R-module M .
Results

A positive result
The following statement is contained in [1, Corollary 1] , for the sake of completeness we present a simple proof:
Lemma 2.1. Let R be a noetherian ring, I ⊆ R an ideal and M an I-cofinite R-module. Then, for every ideal J of R containing I and for every l ∈ N, the module Ext l R (R/J, M ) is finitely generated. Proof. By induction on l: The case l = 0 is trivial, because for every ideal J of R containing I there is an inclusion Hom R (R/J, M ) ⊆ Hom R (R/I, M ) and the latter module is finitely generated. We assume l > 0 and that the statement is true for smaller l: We choose x 1 , . . . , x n ∈ R such that J = I + (x 1 , . . . , x n )R and prove our induction hypothesis by induction on n: In the case n = 0 there is nothing to prove, we assume n > 0 and that the statement holds for smaller n: Consider the short exact sequence
(we define I s = I + (x 1 , . . . , x s )R for every s ∈ {1, . . . , n}) where x n denotes multiplication by x n on R/I n−1 . We get an exact sequence
The latter module in this sequence is finitely generated by induction on n and the first module is finitely generated by induction on l. Therefore, the second module is finitely generated; both inductions are completed. If R is a noetherian ring, every finitely generated R-module M satisfies
The same formula holds for any cofinite R-module M (by definition, M is cofinite if there exists an ideal I of R such that M is I-cofinite):
Theorem 2.3. Let R be a noetherian ring and M a cofinite R-module. Then
holds.
Proof. Let I be an ideal of R such that M is I-cofinite. It suffices to show the following two statements (by
we denote the k-th Bass number of M with respect to a prime ideal p of R):
Localizing at p ′ allows us to assume that (R, m) is local and p ′ = m. Choose any x ∈ m\p. The short exact sequence
induces an exact sequence
• is a minimal injective resolution of M ) and, therefore, p ⊇ I; by lemma 2.1, we conclude that Ext k R (R/p, M )( = 0) is a finitely generated R-module. This fact, together with our last exact sequence and the lemma of Nakayama implies that Ext k+1 R (R/(p + xR), M ) = 0. The non-zero R-module R/(p + xR) has finite length, and therefore it is easy to see that Ext 
is finitely generated for every i = p (see remark 2.5 on this condition; also note that it would suffice to assume that
Consequently, by theorem 2.3, one has 
primary and we conclude that
is finite as an R p -module; by construction, dim Rp (M p ) = h and our above result on c shows that H Proof. The first statement follows immediately from theorem 2.3 together with the following theorem, which is due to Lyubeznik ([9, 10]):
An application and some examples
Theorem. Let R be a regular ring containing a field and I an ideal of R. Then, for every l ∈ N,
In the second part it is true in all four cases that there is only one nonvanishing local cohomology module of R with support in I (which is then necessarily I-cofinite by [11, Prop. 2.5]); this is clear for the cases (i) and (iii). In the case of (ii), it follows from [6, Theorem 2.9] and in the case of (iv) from the identity H Under suitable assumptions, the result of corollary 2.6 holds for more general rings:
Remark 2.7. Let I be an ideal of a Gorenstein ring R and l ∈ N such that
holds. Then the formula 
(E is a fixed R-injective hull of k) and hence an exact sequence
The first and the last term of the previous sequence are both finitely generated, since H
(y,z)R (R) is (y, z)R-cofinite (the last term is zero in fact). Therefore, Hom R (R/(y, z)R, H) is finite if and only if Hom R (R/(y, z)R, E) is finite; but
and it is well known that the latter module is not finitely generated. We conclude that Hom R (R/(y, z)R, H) is not finitely generated; in particular Hom R (R/I, H) is not finitely generated, H is not Icofinite.
By using Cech cohomology, it is clear that H is the cokernel of the natural map
Thus, by using Cech cohomology also for H 2 (y,z)R (R),
(the second equality follows because (y, z)R x is a maximal ideal of the localized ring R x and H
(y,z)R (R) x is an R (y,z)R -module). H is injective, we have
It seems that the negative answer to question 2.8 in the previous example comes from the fact that the primary components of the ideal I have different dimension; but we will see that the answer is in general negative also if all components of I have the same dimension. We start with some general facts: We investigate, with respect to question 2.8, non-trivial examples where s and b are small (note that cases where the local cohomology module is cofinite are clear by Corollary 2.6); our last example will show that not all local cohomology modules H arising from Lyubeznik's result above satisfy injdim R (H) = dim R (H):
• s = 2, b = 2, d = 5. We take I := (x 1 , x 2 )R ∩ (x 3 , x 4 )R ∩ (x 5 , x 1 )R and H := H 3 I (R). Because of remark 2.10, H is not I-cofinite (it is not zero because, by Lyubeznik's result mentioned above, cd(R, I) = 5 − s = 3). We claim that H has a minimal injective resolution of the form
A part of a Mayer-Vietoris sequence with respect to the ideal (x 1 , x 2 )R ∩ (x 5 , x 1 )R and (x 3 , x 4 )R is: x2,x3,x4)R∩(x1,x3,x4,x5) 
The spectral sequence belonging to the composed functors
shows that Γ (x2,x5)R (H) = 0 and H 1 (x2,x5)R (H) = E R (R/m). On the other hand, for p := (x 1 , x 3 , x 4 , x 5 )R we have
• s = 2, b = 2, d = 6. We take I := ( • s = 2, b = 2, d = 6. We take I := (x 1 , x 2 )R ∩ (x 3 , x 4 )R ∩ (x 5 , x 6 )R and
because of remark 2.10, H is not I-cofinite (we will see below that it is not zero). A similar Mayer-Vietoris sequence like in the previous example provides us with a short exact sequence
On the other hand, the spectral sequence belonging to the composed functors Γ m • Γ (x1,x2,x5,x6)R shows that H , x 2 , x 3 )R ∩ (x 7 , x 1 , x 2 )R and (x 4 , x 5 , x 6 )R).
• s = 2, b = 3, d = 7. We take I := (x 1 , x 2 , x 3 )R ∩ (x 4 , x 5 , x 6 )R ∩ (x 7 , x 1 , x 4 )R and H := H 5 I (R). Because of remark 2.10, H is not I-cofinite. The Mayer-Vietoris sequence with respect to the ideals (x 1 , x 2 , x 3 )R ∩ (x 7 , x 1 , x 4 )R and (x 4 , x 5 , x 6 )R provides us with an exact sequence 
Note that, by an obvious Mayer-Vietoris sequence argument, one has
On the other hand it is clear that
Supp R (H One may localize this exact sequence in x 7 and derive canonical isomorphisms (H =)H
